
423 

Acta Crvst. (1986). B42, 423-429 

The fl ,~- a '  Transition in Sr2SiO 4 (and Ca2SiO4, K2SeO4 etc.), 
involving a Modulated Structure 

By B. G. HYDE, J. R. SELLAR* AND L. STENBERG~" 

Research School of  Chemistry, Australian National University, Canberra, Australia 

(Received 2 January 1986; accepted 23 May 1986) 

Abstract 

An analysis of the reported structures of/3-Sr2SiO4 
and a'-SrESiO4 and particularly of their bond lengths 
and derived strengths suggests that a controlling fac- 
tor in the/3 ~ a '  transformation is the underbonding 
of Sr(1) and 0(2), possibly as a result of excessive 
S r . .  Sr repulsion. The Sr(1)-O(2) bond-energy vs 
bond-length curve is a double-well potential, and 
therefore extremely anharmonic. This is probably the 
basis of the appearance of structural modulation at 
the ferroelastic~-paraelastic transition. It seems 
likely that the same situation obtains with /3- 
CaESiO4 ~- a'-Ca2SiO4, although the latter structure 
is probably not known with sufficient accuracy. Fur- 
thermore, the reported a x3b x c superstructure of 
a'-Ca2SiO4 probably corresponds to a modulated 
structure, with a periodicity close to (rather than 
exactly) 3 x b. A similar approach throws light on the 
ferroelectric transition of KzSeO4, the ferroelastic 
transition of Cs2CdBr4 and the modulation in 3'- 
Na2CO3. 

Introduction 

Modulated especially incommensurate structures 
have become rapidly more prominent in recent years, 
and a wide variety of compounds and structure types 
is involved. Among insulating materials those with 
structures related to the fl-K2SO 4 type are particularly 
numerous and some have been studied very exten- 
sively, including KESeO4, a prototype of many A2BX 4 
compounds (A = large cation, B--small cation, X- -  
anion). Discussions of both experiment and theory 
are marked by a certain abstractedness owing to the 
absence of any simple, satisfying geometrical picture 
of the f l-K2SO 4 structure and its close relatives. This 
omission can, we believe, be repaired. 

In a quite different context, attention has recently 
been drawn to the regularity of the cation arrays in 
many structures (O'Keeffe & Hyde, 1981a, b, 1982; 
White & Hyde, 1982, 1983), and explanations of its 
significance proposed (O'Keeffe & Hyde, 1976, 
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1978a, b, 1979, 1982, 1984; O'Keeffe, Shavers & Hyde, 
1981). More recently it has been shown (O'Keeffe & 
Hyde, 1985) that this approach leads logically and 
directly to simple geometrical descriptions of many 
common structure types (including fl-KzSO4) , for 
most of which no description was previously avail- 
able, and some of which were considered to be very 
puzzling. [ See, for example, Wyckoff (1968) on BaSO4 
and, directly relevant to the present problem, K2SO4.] 
These ideas have previously been used to relate the 
structures and unit-cell-axis orientations of the poly- 
morphs of CaESiO4 and Sr2SiO4, which led to the 
suggestion that modulated structures might be expec- 
ted to intervene in their phase transformations, at 
least in/3 ~ a '  (Barbier & Hyde, 1985), and a pre- 
liminary electron-microscope study of Sr2SiO4 has 
revealed that this was indeed the case (Stenberg & 
Hyde, 1986). 

The transformation was achieved by 'beam- 
heating' in the microscope. The temperature for 
/3 ~ a '  is much lower for SrESiO4 than for Ca2SiO4: 
-358 K compared with -953 K. No hot-stage was 
available, and so the former was studied, its transfor- 
mation being more readily accessible. But one pre- 
sumes that the same sort of phenomenon will also be 
observed to occur in Ca2SiO4. Experiments are plan- 
ned to check this point. 

The present paper examines the slight differences 
between the reported structures of/3- and a ' -  Sr2SiO,, 
in an attempt to interpret the occurrence of modula- 
tion in the/3 ~ a '  transition. It is based on the struc- 
tural approach referred to above. Then it is extended 
to the transitions in other A2BX4 compounds, par- 
ticularly K2SeO4 since this has been the subject of 
extensive research. The analysis is related to that used 
earlier in discussing transformations of crystal struc- 
tures at high pressure (O'Keeffe & Hyde, 1981b, 1985) 
and the effect of cation-cation repulsions on the 
thermodynamic stability of compounds, particularly 
those that are 'cation-rich' (O'Keeffe & Hyde, 1984). 

The structures of []-K2SO4, fl-Sr2SiO 4 and a'-Sr2SiO4 

The fl-K2SO 4 (H16) type is, of course, very wide- 
spread: it is the structure of many sulfates, selenates, 
vanadates, fluoborates etc. The (orthorhombic) struc- 
ture of/3-K2SO4 itself (McGinnety, 1972) is shown 
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in Fig. 1 (unit-cell setting Pmnb). At the bottom of 
this figure we see the customary depiction of this 
structure as SO4 tetrahedra and K atoms: the coordi- 
nation of K by O is so ill-defined and irregular that 
no convincing K-centred polyhedron of anions can 
be identified. At the top, the anions are omitted for 
clarity, and the K2S array is clearly seen to be regular 
and of the PbCIz (C23) type, with S-centred trigonal 
prisms, I(6. In the centre, the structure is depicted as 
SO4-'centred' trigonal prisms. 

In Fig. 2(a)  we show the corresponding (100) pro- 
jection of the structure of/3-Sr2SiO4 (Catti & Gazzoni, 
1983; Catti, Gazzoni & Ivaldi, 1983). It is very similar 
to that of /3-K2SO4, but not identical. The main 
differences are: (1) this structure is monoclinic, space 
group P121/nl; (2) the monoclinic angle/3 = 92.67°; 
(3) the BO4 tetrahedra are now tilted slightly, so that 
they no longer have a mirror plane parallel to (100) 
at x = +~; (4) as a result of (3) the tetrahedral edge 
parallel to a in/3-K2SO4 is now slightly inclined to a. 

Fig. 2(b) shows the corresponding projection of 
(one twin state of) the 'preferred'  structure of ~ '-  
Sr2SiO4-the 'disordered'  model of Catti, Gazzoni, 
Ivaldi & Zanini (1983). It is similar to that o f /3 -  
Sr2SiO4, still monoclinic (P21/n), but with/3  =90  °. 
The SiO4 tetrahedra are tilted (from the mirror- 
symmetric orientation of /3-K2SO4), although not 
quite as much as in/3-Sr2SiO4. There is considerable 
discussion about this structure (Catti, Gazzoni, Ivaldi 
& Zanini, 1983; Catti, Gazzoni & Ivaldi, 1984) in an 
attempt to choose between two models: (1) the 'dis- 

Y 0 . 

Fig. 1. The structure of fl-K2SO 4 projected on (100) when the 
unit-cell setting is Pmnb. Large, medium and small circles are 

1 3 K, S and O respectively: open/filled at x=J~; dotted circles 
are two superimposed O atoms at heights given in units of a~ 100. 
The usual depiction, as K atoms and SO4 groups, is shown at 
the bottom; only the cation array, PbClz-like K2S, is shown at 
the top; and at the centre, the structure is shown as SO4-'centred' 
K~ trigonal prisms. 

ordered' model, in which the SiO4 tetrahedra are 
tilted, but, in any given crystal, in both positive and 
negative senses, so that it is really finely ' twinned'  
P21/n [twin plane (100)]; or (2) the 'ordered'  model, 
in which the tetrahedra are in the average (mirror- 
symmetric) position, and undergoing thermal libra- 
tion [roughly between their orientations in Fig. 2(b) 
and the corresponding ones in the (100)-mirror- 
related twin]. The former is preferred but the choice 
is not straightforward. In Table 1 the problem is made 
explicit by listing the distances between the atom 
positions in the two, twin-related structures and com- 
paring them with the published thermal parameters 
which are, in all cases, comparable. Later it will 
become clear that a third choice is more likely to be 
c o r r e c t - a  modulated structure which varies (in 
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Fig. 2. (a) fl-Sr2SiO4, and (b) ~'-Sr2SiO4 ('disordered' model), 
both projected along [ 100]. Each diagram shows one of the two 
twin-related forms; the other is derived by reflection in (100). 
Large, medium and small circles are Sr, Si and O respectively; 

~ 1  3 open/filled at x-J~  (cation~ only); atom heights are in units 
of a/100 (small figures). Large digits indicate the crystal- 
lographically distinct atoms Sr(1) and Sr(2) (underlined) and 
O(1), 0(2), 0(3) and 0(4) (not underlined). SiO4 tetrahedra 
and some Sr trigonal prisms are drawn, and unit cells are indi- 
cated, cf. Fig. 1. The dotted lines are the chains of bonds roughly 
parallel to b, and referred to in the text. [There is very little 
difference between (a) and (b) apart from change in the mono- 
clinic angle B =92"67 ° in (a) to 90-00 ° in (b).] 
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Table 1. Comparison of  the atom parameters x in the 
two twin forms of  'disordered" ce'-Sr2SiO4 and the 

thermal parameters, x/ U 

IAxltwin 1 
x in twin 1 -~twin 2 a. Ax (.~) ~/U (A) a. Ax/~/U 

Sr(l) 0.2651 (5) 0.0302 0.172 0.084 2.0 
Sr(2) 0.2663 (4) 0-0326 0.185 0.061 3.0 
Si 4 I- 0 0 0.057 0 
O(1) 0"292 (2) 0.084 0"477 0"089 5.4 
0(2) 0"207 (2) 0"086 0.489 0" 100 4.9 
0(3) 0-488 (2) 0.024 0.136 0-089 1"5 
0(4) 0"028 (2) 0"056 0.318 0.089 3"6 

space) approximately between the twin-related, 'dis- 
ordered'  forms. Nevertheless, it is significant that the 
monoclinic angle/3 is not very different in/3-Sr2SiO4 
(92.67 °) and a'-Sr2SiO4 (90°), and that the/3-phase 
invariably occurs as crystals (macroscopically) twin- 
ned on (100)./3 is the ferroelastic form of a ' ,  which 
is the paraelastic form (Catti & Gazzoni, 1983). 

Figs. 3(a)  and 3(b) show the (010) projections of 
/3- and a'-Sr2SiO4. Again, the close resemblance 
between the two is obvious. 

The  fl  ~ - c t '  t rans format ion  in Sr2Si04 

We now consider the specific differences between the 
reported structures of/3- and o~'-Sr2SiO4. These are 
too small to be apparent from a comparison of either 
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Fig. 3. The structures of (a) fl-Sr2SiO 4 and (b) the 'disordered' 

model of a'-Sr2SiO4 projected on (010). Large circles are Sr, 
medium circles are Si, and small circles are O atoms• SiO4 
tetrahedra are shown; and the dotted lines represent -Sr(1)- 
0(2)- chains, with the denser dots indicating the shorter bond• 
[The second twin of each is obtained by reflection in (100)•] 

Table 2. Equivalent bonds with significant changes in 
strength between a'- and/3-Sr2SiO4 

AI As 
l,~,(]~) l a (•) ( f l - a ' )  s,~, s~ (a'-*fl) 

Sr(l)-O(1) _2.384 2.373 -0.011 0.474 0.490 +0.016. 
2.688 2.556 -0.132 0.205 0.283 +0-078 ~ +0.058 

-0(2) {. 3-004 3.108 +0.104 0.094 0.074 -0.020 I net 
-0(3) 2.841 2.764 -0.077 0.139 0.168 +0.029" 
-0(4) 3.077 2.926 -0.151 0.079 0.113 +0.034 
-0(4) 2.743 2.779 +0.036 0.178 0.162 -0.016 

Sr(2)-O(3) 2-561 2.527 -0.034 0.287 0.315 +0.028 
-0(4) 2.479 2.519 +0.040 0 - 3 6 1  0.323 -0.038 

Si(1)-0(l) 1.627 1 . 6 4 6  +0.019 1 . 0 0 8  0.957 -0.051 
-0(2)  1.655 1 . 6 4 1  -0.014 0.933 0.970 +0.037 
--0(3) 1.621 1 . 6 4 2  +0.021 1 . 0 2 5  0.967 -0-058 
-0(4) 1.626 1 . 6 2 1  -0.005 1 . 0 1 1  1 . 0 2 5  +0.014 

a or b in Figs. 2 and 3, but are exposed by comparing 
corresponding individual bond lengths (l) or, better, 
the bond strengths (s) in the two structures. Those 
judged to be relevant to the subsequent discussion 
(having s > 0.05 and I~sl > 0.01) are listed in Table 
2. Values of s are calculated from bond lengths, 
l(A), by the relations proposed by Brown (1981), 
viz s(Si-O) = exp[ (1 .63 -  l)/0.36] and s(Sr-O) = 
(l/2.143) -7"° 

Given the uncertainties in the determination of the 
a '  structure (referred to above) it is clear that most 
of the changes in bond length and strength listed in 
Table 2 are on the verge of significance, the only 
exceptions being the second, third and fourth entries. 
But, within this proviso, we proceed as follows. 

The broad picture is most immediately revealed by 
comparing bond-strength sums (Y~ s) at the cations. 
At Si, Y. s = 3"919 for/3 and 3.977 for a ' ,  both satisfac- 
torily close to the ideal value Y~ s(Si) = 4.0. The situ- 
ation is the same at Sr(2): Y. s =2"045 in 13 and a ' ,  
the ideal value being Y~s(Sr)=2.0. But the Sr(1) 
atoms are distinctly underbonded especially - as pre- 
viously pointed out by Catti, Gazzoni & Ivaldi 
(1983)-  in the a '  polymorph: Y~ s = 1"825 for /3 and 
1 "728 for ce'.* Catti et al. attributed this to overbonding 
at Si in a ' ,  which was later seen to be an artefact 
(Catti, Gazzoni, Ivaldi & Zanini, 1983). On the other 
hand such underbonding has previously been identi- 
fied in the alkali-metal oxides, where it was attributed 
to strong cation-cation repulsion stretching the bonds 
(i.e. preventing a closer approach of the cations to 
the anions) from those values appropriate to bond 
strengths (and bond-strength sums) of the expected 
(ideal) values (O'Keeffe & Hyde, 1984). 

The bond-strength sums at the anions are less 
directly informative, but suggest the possibility of a 
similar situation in SrESiO4. The values are, for O(1) 
to 0(4)  respectively, )-'. s(O) = 1.929, 1 "948, 1.944 and 
1.9~ for /3 and 1.9~, 1-859, 1.96~ and 1"949 for a ' .  

* The exact values ofF. s depend on the undefined point at which 
one cuts off the minimum s. Previously (Barbier & Hyde, 1985) 
we took s < 0.1 as zero (no bond), and obtained ~ s[Sr(1)] = 1.61 
for/3 and 1-51 for a'. Here we have included all values of s-> 0-01. 
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With the exception of 0(2) in a ' ,  these are rather 
uniform, suggesting that interactions between second- 
nearest-neighbour atoms may be responsible for the 
lower-than-ideal values of ~ s: a result not incon- 
sistent with cation-cation repulsions being important. 
[Anion-anion distances of <4A are plotted on the 
O...O interaction energy curve of Dashevsky (in 
Kitaigorodsky, 1973) in Fig. 4. Excluding the short 
edges of the SiO4 tetrahedron, all but one of the 
distances in a'-Sr2SiO4 are on a rather flat part of 
the curve, suggesting that O-..O interactions (or 
changes in them) are not very important.] 

The exception to the uniform values of ~ s(O) in 
the previous paragraph is the value 1"859 for 0(2) in 
a'-Sr2SiO4. This immediately suggests that 0(2) is 
important in the transformation/3 ~ a ' ;  and we have 
already seen that Sr(1), being underbonded, is also 
likely to be important. These hints are confirmed by 
examining the individual values of s and As in Table 
2: the largest As involves the Sr(1)-O(2) bonds. There 
are two of these, alternately long and short, producing 
a chain -M(1 ) -O(2 ) -M(1 ) -O(2 ) -  along the x direc- 
tion (Figs. 2 and 3). In the transition the shorter of 
the two (naturally) changes its strength more, As(~3 - 
a ')  = +0.078: it gets still shorter, and stronger, when 
a'-->/3. The longer of the two changes its length by 
almost the same amount (Al  = +0.104/~ compared 
with A I = - 0 . 1 3 2  A for the shorter bond), and its 
As(~3-  a ' ) = - 0 " 0 2 0 .  The two changes are of course 
related, since the two bonds are almost collinear [and 
a(/3) - a(a ' ) ] .  The change a ' ~ / 3  involves a shorten- 
ing of the shorter M(1)-O(2) bond with a concomi- 
tant lengthening of the longer one; a shift of 0(2) 
with respect to its two adjacent Sr(1) atoms, or vice 
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Fig. 4. Dashevsky's proposed relation between the potential energy 
of a pair of (non-bonded) oxygen atoms and their separation. 
The open and filled circles correspond to the calculated distances 
d(O...O)<-4 ~ in respectively a'-Sr2SiO4 and fl-Sr2SiO4, and 
suggest that these interactions do not contribute significantly to 
the energy change in a'~/3. [The much shorter edge lengths 
of the SiO4 tetrahedra (~2.6 to 2.7 ~) are not shown.] 

versa. Clearly the relation between the energy and 
the length of the M(1)-O(2) bond is a double-well 
potential-energy curve. 

At very low temperatures there are two possibilities, 
corresponding to the two twin orientations of the 
monoclinic /3 structure. At very high temperatures 
the system effectively has a single, mirror-symmetric 
potential well; and the two bonds, of different length 
in/3, will now be of the same length: the situation in 
the tI-K2SO4 structure type, but not that in the 'disor- 
dered' a'-Sr2SiO4 structure type (monoclinic, with 
angle /3 = 90 °) which is in a state corresponding to 
an intermediate temperature. 

At these intermediate temperatures intermediate 
bond lengths/[Sr(1)-O(2)] are inevitable; the poten- 
tial-energy curve is extremely anharmonic. The 
observed modulation(s) suggests a continuous, peri- 
odic variation in these lengths. But its direction is 
along b, not a; i.e. in a given (010) sheet o f -S r (1 ) -  
0(2)-  chains the length(s) are fixed; but they vary 
from sheet to sheet in the b direction. This requires 
a strong, but not rigid (somewhat flexible), connection 
between adjacent sheets. Examination of Table 2 and 
Fig. 2 reveals that this exists. There is another recog- 
nizable chain, more or less in the b direction: e.g. Si 
is connected by a strong bond (s = 1) to O(1) which, 
in turn, is connected to Sr(1) by another strong bond 
(S = 0"474 in a ' ,  0"490 in /3; As = +0"016) which, in 
turn, is connected to 0(3) by a fairly strong, but 
variable bond (s =0"139 in a ' ,  0"168 in/3; As =0"029, 
A l = - 0 " 0 7 7 / ~ ) ,  which is finally connected to Si(1) 
by another strong bond (s ~ 1). This is the repeat unit 
in an infinite chain along b; and it is this chain which 
carries the modulation wave. It also links adjacent 
(001) sheets of ( S i 0 4 ) S r  6 trigonal prisms. [There are 
weaker lateral connections a lso-roughly  in the e 
direction - between these chains, from Sr(1) to 0(4).] 

To press this sort of analysis further is futile: the 
changes in the transformation/3 ~ a '  are very small, 
and neither the bond lengths (i.e. the structure deter- 
minations, especially that of a)  nor the bond- 
length/bond-strength relations are sufficiently accur- 
ate to warrant closer scrutiny. 

In reciprocal space, the two observed modulations 
in Sr2SiO4 are q~ = p~. b* with Pl = 0.39 and P2 = 0"30 
(Stenberg & Hyde, 1986). The wavelengths in real 
space are therefore As = b/p~, with hi = 2.56b = 18.2 A 
and A 2 = 3.33b-~ 23.6/~ [taking b -- 7.087/~ as the 
mean of the values for /3(b =7 .084A)  and a '  (b = 
7.090 ,~) ]. 

The major effect being the change in Sr(1)-O(2) 
bond lengths, 0(2) moves towards one of its Sr(1) 
neighbours, roughly along a, and the SiO4 tetrahedra 
therefore tilt, roughly around the b axis.? It is this 

t This is to some extent counteracted by the change in M(1)- 
0(4) which, alone, would produce a smaller tilt in the opposite 
s e n s e .  
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tilt which is usually emphasized in discussions of 
transformations in/3-KzSO4-related structures. 

C a 2 S i 0 4  

In this case, the situation is not as clearcut as for 
/3-,T~-O~'-SrESiO4, mainly because the a'-CaESiO4 
structure is not as thoroughly studied as that of its 
strontium analogue. Hence we show in Fig. 5 only 
the /3-Ca2SiO4 (larnite) structure. Nevertheless it 
appears likely that an analysis of the sort used above 
for Sr2SiO4 also applies here, and with a similar 
outcome. 

First we can compare the lattice parameters of the 
two structures: /3-Ca2SiO4 is P21/n with a = 5.502, 
b =6.745 and c =9.297/~,  /3 =94.59 ° (Jost, Zeimer 
& Seydel, 1977) while (the corresponding subcell of) 
ct'-Ca2SiO4 (said to be Pmnb) has a = 5.59, b = 6-85 
and c = 9.49/~ for a single-crystal sample 'stabilized' 
by the addition of 1 to 2 mol % of C93(PO4)2 and at 
1473 K (Saalfeld, 1975). The differences between /3 
and a '  are similar to those for Sr2SiO4 but larger, 

r ~ k ~  ° 
o • 

t 
z.sin ~ < [ 
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• -.,~ ~ ._ i  ~ W_..I 
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0 0 : • 
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Fig. 5. /3-Ca2SiO4 projected (a) along [100], (b) on (010): large, 
medium and small circles are respectively Ca, Si and O: heights 
(small figures) in units of a/100 or b/100. In (a) the cations 
(only) at x ~¼ and 3 are represented by open and filled circles. 
The large figures indicate Ca(l) (underlined) and 0(2). Cf. Figs. 
1 and 2. In (b) the filled circles are the underbonded Ca(l) and 
0(2) atoms with short and long bonds in the -Ca(1)-O(2)- 
Ca(1)-O(2) chains indicated by respectively dense and less dense 
dotted lines. 

reflecting the larger spontaneous strain in the ferro- 
elastic form/3-Ca2SiO4 (monoclinic angle/3 = 94.59°; 
cf. 92.67 ° for /3-Sr2SiO4); which is why the / 3 ~  a '  
transformation temperature is so much higher for the 
Ca case (---953 K) than for the Sr case ( -358  K). 

Fig. 5 shows the presence of alternately long and 
short Ca(1)-O(2) bonds along the x direction: 3.137 
and 2"369/~, to be compared with 3'108 and 2'566/~ 
in/3-Sr2SiOa.t Consistent with the larger spontaneous 
strain in the Ca case, its bond-length difference is 
proportionately larger, as is its bond-strength 
difference: for/3-Ca, s = 0"068 and 0"312, As = 0"244; 
for fl-Sr, s = 0"074 and 0.2~, As = 0"209. 

The broader picture, deduced from bond-strength 
sums at the cations, while again not as clear as for 
Sr2SiO4, nevertheless seems to be similar for Ca2SiO4. 
There is a problem with absolute values of bond 
strengths s -  which appear to be too high for very 
long 'bonds' - using either of the equations for Ca-O 
given by Brown (1981): s1=(I/1.909) -5"4 or s2 = 
exp[(1.896-l ) /0 .41] .  For long bonds the second 
equation appears to be more realistic than the first. 
Using it (and the equation used earlier for Si-O) one 
calculates Y~ s(Si)= 3"997 (ideally 4.0) and, for s2 -> 
0.01, ~ s2[Ca(1)]= 1"866, ~ s2[Ca(2)] = 1"962. (The 
corresponding values using the other equation are 
2"000 and 2"071 respectively.) To summarize: whatever 
the errors in the absolute values, the bond-strength 
sum at Ca(l)  is significantly less than that at Ca(2). 

The bond-strength sums at the oxygens also fit the 
pattern in Sr2SiO4, being ~ s 2 = 1 "990, 1 "91o, 1 "949 and 
1'969 for O(1) to 0(4) respectively. And we note that, 
as in the case of/3-Sr2SiO4,/3-Ca2SiO4 is also invari- 
ably twinned. 

Because of uncertainties in the ce'-CaESiO4 struc- 
ture, a similar analysis is not warranted for it. I f  (as 
reported) it is Pmnb then the 'long' and 'short' Ca(1)- 
0(2) bonds will be of equal length, and its structure 
will be that postulated above for a ' - S r E S i O  4 at very 
high temperature. But there are several reports of the 
a '  phase having a superstructure (or superstructures), 
at least for a~.$ The nature of these is not agreed: 
2a x b x 2c (Regourd, Bigare, Forest & Guinier, 1968; 
Sarkar, 1980) and/or  a x 3b x c (Saalfeld, 1975). But 
Saalfeld has cogently argued that the data of Regourd 
et al. are also consistent with a x 3b x c. In view of 
our electron-diffraction evidence from Sr2SiO4 (Sten- 
berg & Hyde, 1986) it seems likely that these earlier 
views may well be understandable misinterpretations 
of incommensurate ( - b * / 3 )  satellite reflections from 
a modulated a ' - C a E S i O 4 ;  i.e. that a~-Ca2SiO4 is 
modulated P2, /n  (and, perhaps, a ~  is Pmnb?). 

t" To keep the atom labels consistent with those used above for 
fl-Sr2SiO4, we have interchanged the 0(2) and 0(4) atoms of Jost 
et al. (1977). 

$ The a '  phase region is usually subdivided into low- and high- 
temperature domains, a~ and a~ .  
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K2SeO4 
This has been very extensively studied and discussed, 
and a detailed analysis of its phase transitions at 
T~=130K and Tc=93 K given by Iizumi, Axe, 
Shirane & Shimaoka (1977). The room-temperature 
structure is/3-K2SO4 type (i.e. isostructural with Catti 
et al.'s 'ordered' model for a'-Sr2SiO4 rather than 
their preferred 'disordered' model). The neutron 
diffraction observations of Iizumi et al., and their 
analysis of lattice instability and mode-softening 
bears a striking resemblance to the case of a ' - ~ / 3 -  
Sr2SiO4, but there are also important differences. 

Below To, K2SeO4 has an ax  3bxc  superlattice 
(using our unit-cell settings, to be consistent with the 
earlier part of this paper). Between Tc and T~ it has 
an incommensurate modulated structure, with b as 
the modulation direction and wavevector q=  
(1 -6 )b* /3 ,  with 8 decreasing from ---0.07 at Ti to 
-0 .04  at T~, at which temperature it suddenly drops 
to zero; i.e. q = p .  b* with q=0.31 to 0.32, compared 
with 0-30 and 0.39 in Sr2SiO4. But the low- 
temperature (super-) structure has space group P2~ nb 
(c f  for Sr2SiO4, P21/n and a cell a x b x c ) ;  and the 
high--> low transition is paraelectric to ferroelectric 
(not paraelastic to ferroelastic as for SrESiO4). 
Nevertheless, the atom shifts appear to be similar in 
the two cases - particularly shifts of K(1)% [ - Sr(1)] 
parallel to x, and tilts of the SeO4 ( -  SiO4) tetrahedra. 
Indeed, in their analysis Iizumi et al. suggest the 
possibility of both types of transformation, although 
no example was given for the ferroelastic case. The 
difference between them is simply the phase of the 
modulation wave: ~0 = 0 for the ferroelectric case and 
~0 -- 7r/2 for the ferroelastic case. 

The low-temperature structure appears not to have 
been determined. That of the room-temperature form 
has been carefully analysed by Kfilmfin, Stephens & 
Cruickshank (1970) and, while some difficulty arises 
from the large thermal parameters of the oxygen 
atoms (c f  the analysis of the a'-Sr2SiO4 structure by 
Catti et al.), a bond-length/bond-strength analysis is 
again interesting. The atom chains analogous to 
-Sr(1)-O(2)-Sr(1)-O(2)- in Sr2SiO4 are now -K(1)- 
O(2)-K(1)-O(2)-,  but they are symmetrical: the two 
bond lengths are the same, although the bonds are 
not very strong, /(K-O) = 3.016 ~ ,  Sl = 0"077 (s2 = 
0"086); ~ c f  s(Sr-O)=0'2o5 and 0"094 in a ' - S r 2 S i O 4  
and s(Sr-O) = 0"283 and 0"074 in fl-Sr2SiO4. The bond- 
strength sums are Y s, =0.8~, (Y. s_, = 0.8~) for K(1), 

s l=  1"125 (Y. s2 = 1"040) for K(2), and ~ s, (E s2) = 
1.9~9 (1.93,), 1.97~ (1.974), 1.89, (1.86~) for 0(1) to 

- lizumi et al. (1977) call these K,~. 
SThe relations are again from Brown (1981): s~(K-O)= 

[/(K-O)/2"276] -9"1, sz(K-O) = exp {[1-84-/(K-O)]/0.48}; s(Se- 
O)=  [/(Se-O)/1.775] -5'°. All individual s values were summed: 
very few were small (s < 0.01). Values of / (K-O)  are from Kfilm~in 
et al. (1970), and are not corrected for thermal effects. 

0(3) respectively. (There are only three crystal- 
lographically distinct oxygens in the Pmnb struc- 
tures.) Using bond lengths uncorrected for thermal 
effects Y'. s(Se)=6"2o6 and, corrected for thermal 
effects, )-'. s(Se) = 5"806. While, again, there are prob- 
lems with absolute s values, it appears that K(1) is 
strongly underbonded, as was the analogous Sr(1) in 
Sr2SiO4 but that, of the oxygens, it is 0(3) that is 
most heavily underbonded - in contrast with the situ- 
ation in Sr2SiO4, where it is 0(2). While the uncer- 
tainties in the values of s(K-O) must be emphasized, 
and may well be crucial, it is possible that herein lies 
the qualitative difference between the behaviour of 
K2SeO4 and Sr2SiO4. Iizumi et al. (1977) emphasize 
the 'interlayer forces' in the b direction (a in their 
setting of the unit cell), which depend heavily on the 
K(1)-O(3) bonds. But they also emphasize tilting of 
the SeO4 tetrahedra (approximately about b) and 
shifts of K(1) and 0(2) in the x direction (their z) 
which correspond exactly to changes in K(1)-O(2) 
bond lengths analogous to those for Sr(1)-O(2) 
bonds in Sr2SiO4, which are clearly important in the 
/3 ~ a '  transformation of the latter compound. 

That the bond-strength sums ~ s(Se) are substan- 
tially different from the ideal value of 6.0 certainly 
clouds the issue. It suggests that the problem of ther- 
mal effects may not yet be satisfactorily resolved. 
Ignoring thermal effects yields bond lengths that are 
too short, of course, and consequently bond strengths 
that are too high: cf. Y. s(Se)uncorr = 6"206 (instead of 
the ideal 6.0). But equally, correcting for thermal 
effects gives ~ s(Se)cor~ = 5"806, which is too low. The 
s - l  relation may be inaccurate but possibly the 
K2SeO4 structure is not exactly the fl-K2SO4 type. In 
this connection it is noteworthy that there are dis- 
crepancies between the observed Raman spectra of 
room-temperature K2SeO4 and the symmetry Pmnb 
of the f l - K 2 S O  4 structure type. These have recently 
been discussed by Massa, Ullmann & Hardy (1983). 

In spite of the differences land uncertainties, the 
similarities between the K2SeO4 and Sr2SiO4 transfor- 
mations are striking, and must be emphasized: (a) 
the +Sx shifts of K(1) and Sr(1), and (b) the alterna- 
tion of bond lengths in the -M(1) -O(2) -M(1) -O(2) -  
chains in fl-Sr2SiO4 and the incommensurate forms 
of K2SeO4 and, probably, a'-Sr2SiO4 also. 

That the latter is important in Sr2SiO4 seems to us 
to be conclusively shown by the analysis we have 
given earlier. That it is also important in K2SeO4  is 
consistent with recent studies of the effect of hydro- 
static pressure and, especially, uniaxial stress on the 
transition temperature T~ of K2SeO4. The double-well 
potential for the M(1)-O(2) bonds suggests that the 
energy peak (AE)  between the two minima, and there- 
fore the transition temperature, will be reduced as 
the difference between the two bond lengths 
decreases. This is consistent with the/3 ~ a '  transition 
temperature being lower for Sr_~SiO4 than for 
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Ca2SiO4.* It is also consistent with the effect of  hydro- 
static pressure on the value of  T~ for K2SeO4- which 
is negative, approx imate ly  - 7 0  K GPa -1. Bil lesbach, 
U l lmann  & Hardy  (1985), fol lowing the birefr ingence 
of  a single crystal of  K2SeO4, have measured  the 
dependence  of  Ti on uniaxia l  stress. They report  
d T d d t r = - 1 7 0 ( 2 ) ,  +31(2) and  + 7 7 ( 2 ) K  GPa  -1 for 
a-, b- and e-axis stress, respectively. If, as we suggest, 
the impor tant  controll ing factor is the change in 
M(1 ) - 0 ( 2 )  bond  length the large, negative coefficient 
dT~/do- for a-axis stress is exactly what one would 
expect, since the - M ( 1 ) - O ( 2 ) - M ( 1 ) -  chain  is almost  
l inear  and  paral lel  to a, so that compress ion along a 
directly reduces zlE, and therefore T~. On the other 
hand,  uniaxia l  compress ion along b or c will cause 
an expans ion  of  a, an increase in AE, and a (smaller)  
positive coefficient d TJdo- for b- and c-axis stress. 

Conclusion 

The approach  we have u s e d - w i t h  emphasis  on 
" M ( 1 ) - 0 ( 2 ) "  bonds  - is bel ieved to be general ly appli-  
cable to AEBX4 structures related to the fl-K2SO4 
type. Indeed,  the pre l iminary  step in a s imilar  bond-  
strength analysis  [examining  only Y.s(A)] has 
recently been used to account  for the high ( P m n b )  
to low ( P 2 1 / n )  temperature  transition, via incom- 
mensurab ly  modula ted  structures, in Cs2CdBr4 and 
Cs2HgBr4 (Altermatt,  Arend,  Gramlich,  Niggli & Pet- 
ter, 1984). But, whereas repulsive A . . . A  (cation) 
interaction appears  to be important  in the cases of  
K2SeO4 and  SrESiO4, in these halides it appears  to 
be attractive Br. . .Br (anion)  interactions. 

A pre l iminary  investigation of  the 'y-NaECO3 
modula ted  structure (van Aalst, den Hol lander ,  
Peterse & de Wolff, 1976) indicates that the same 
double-well  potential  for the - N a ( 3 ) - O ( 2 ) - N a ( 3 ) -  
chain  in that structure [analogous to - M ( 1 ) - O ( 2 ) -  
M(1)  above] is a controll ing factor, in spite of  the 
difference in s toichiometry (but note that all these 
compounds  are AEBXn)  and a geometrical ly different, 
though topological ly identical ,  cation array. 

* At first sight it appears to be inconsistent with the positive 
(hydrostatic) pressure coefficient for the f l-~ a'-CaESiO4 transi- 
tion temperature, dT/dp = 105(5)K GPa -t (Klement & Cohen, 
1974). But this is not necessarily the case, although it does demand 
that the sum of the two Ca(1)-O(2) bond lengths increases with 
increasing pressure. 
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